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Abstract.
It is shown that regular ordinary differential operators have a semibounded spectrum. The proof requires fewer prerequisites than other proofs found in the literature and also yields estimates on the lower bound of the spectrum.
The purpose of this note is to provide a short and relatively elementary proof of the following theorem.
Theorem.
Let p0(x), pi(x), ■ ■ ■ , pn(x) be a set of real functions on [0,1], such that pk(x) e Ck[0, \]for k=0, 1, • • ■ , n. Let {ak} denote their lower bounds such that pk(x)^.ak. In particular pn{x) is to be positive so that pn(x)^.a">0.
Define the formally selfadjoint differential operator I by
We now consider the boundary conditions 
;. o j=o
We assume that for all functions it, v e C2"[0, 1] that also satisfy (2) we have
Let L, denote the regular selfadjoint operator generated by I and the boundary conditions (2) on the Hilbert space L2[0, 1]. The spectrum of Lx is bounded below.
For other proofs of this theorem see [1] , [2] , [3] , The proof of the theorem will be based on the following lemma.
Lemma. Let I be as in the above theorem. Consider the boundary conditions (4) m(î)(0) = 0, u(,)(l) = 0, ; = 0, 1, ■ •■,« -1.
Denote by L0 the regular self adjoint operator generated by I and the boundary conditions (4). The spectrum of L0 is bounded below.
Proof of the lemma. By integration by parts, use of the boundary conditions (4) and the fact that all pk(x)^.ak we have (5) (LoHj u) = f¿ pk \uik)\* dx ^ Cf ak |M,fc,|2 dx.
In order for u to be in the domain of L0 it must have at least n continuous derivatives. We can therefore expand m in a Fourier series that can be differentiated term by term n times. Then 00 (6) u = 2^ bm sin mux m=l and inserting the above in (5) we have (7) {L0u,u)±\2\bJ%k(m?rr.
We now define the polynomial q(x) = ^ik=0akx2k and find, using (7), that Proof of the theorem. We assume that 0 is not an eigenvalue for Lt or L0 and that in fact L0 is a positive definite operator. Otherwise we can shift Lx and L0 by a constant to accomplish this. Now we can associate a Green's function with both operators. Denote these by ATjOc.j) and K0(x, y) respectively. These satisfy the equations (9) L0K0(x,y) = à(x-y),
L1K1(x,y) = ó(x-y).
But it is evident since both have the same singular behavior at x=y, that (11) l(K1(x,y)-Kl)(x,y)) = 0. 14) shows that K1 has at most 2n negative eigenvalues.
